MAT A29: Week 8 ’ ‘ . Winter 2025

- Week 8: Curve Sketching, Differentials, and Approximation

Remark: Mish-Mash Warning

This week has a bit of everything. We’re going to do a bunch of small things.

Draw a graph f(z) defined on the interval E7, a with all of the following properties: o i e
8A local maximum at f(5) = 5 :

A local minimum at f(—5) = -5

@A critical point that is not a maximum or minimum at z = 0.
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MAT A29: Week 8 ~ Winter 2025

A rational function is a function f(z) = %g—; where p(z) and g(z) are ‘polynomia.ls.

Rational functions are helpful because they:

e Often have vertical asymptotes.

e Easy to analyze end-behaviour.

&£

e Complicated curve sketches.

" &

Sketch the graph of f(z) = ﬁg
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MAT A29: Week 8 | | Winter 2025

(This page continues the example: Sketch the graph of f(z) = 1_*_—11;2')
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Consider a function f(z). We say z = a is a vertical asymptote if any of the following occur:
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A function f(z) has a horizontal asymptote y = @ of the following occur:
1. Im f(z)= I
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Determine where y =

L St Ml
z2 — 3z +

-1
3 has vertical as’(’mptotes.
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r—1

Determine the horizontal asymptotes of y=——
2 —3z+2
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% Activity: Asymptotic Trickiness (5 mm)

Find an example or justify each of the following claims about asymptotes:

\\4 Vv\c A function can have many vertical asymptotes. ") MG WA J ! Lot — K o\u\,\j’)\v

O

» A function can only have two horizontal asymptotes. n\JC ¢ (v \« N2 AX O ot J(l/\}t
e A function can cross its horizontal asymptotes.

e A function cannot cross its vertical asymptotes.

Sketch your examples using Desmos. | l«‘ " B0
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1 :
Sketch the>curve y = T assuming:

dy @y 62 +2
de = (1-—x2)? dr? (1 —x2)3
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MAT A29: Week 8 ' ' Winter 2025

Remark: Log-Log and Semi-Log Plots

We introduce the notions of log-log graphs and semi-log graphs. These are (probably) the first new topics
in the course for some students. Unfortunately, they’re in the course description AND the textbook doesn’t
have any material on them.

To graph a semi-log graph:

e Calculate a list of points (z,y) on the graph. —

¢ Plot each point: draw a point (z,y) which is z units from the y-axis and nits from the m-axis.7

o

units from the y-axis andits from the .

# Activity: Class Discussion (3 min)

The instructions above describe how to plot log-log and semi-log graphs. Formulate a similar set of instruc-
tions for plotting a standard cartesian graph like in highschool. 2y g

To graph a log-log graph:

~» Calculate a list of points (z,y) on the graph.

( e Plot each point: draw a point (z,y) which i log(x)
r-axis

¢ Ml o dalde of values(vy)
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MAT A29: Week 8 ' Winter 2025

Consider the function y = 10%.
1. Calculate five points where x = 1,2, 3,4, 5 on this graph.

-~ L //
: \
2. Plot the five points from part (1) on a standard cartesian graph. (\ VWOV UV\“\\ )

3. Plot the five points from part (1) on a semi-log graph.
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Consider the graph y = z2. x = \0, \OO( \00O , \O OOO i 100 OOO

1. Calculate five points where w=";273:45 on this graph.

2. Plot the five points from part (1) on a standard cartesian graph.

3. Plot the five points from part (1) on a log-log graph.
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MAT A29: Week 8 Winter 2025

If f(x) is an exponential function of the form f(z) = AeB® th, i-log graph of y = f(z) appears to
be a straight line. If g(z) is a power function of the form¢g(z) = Az then the log-log graph of y = g(z)
appears to be a straight line. vg-Tdea: Log graphs help us analyze data.

Make a log-log plot of the following points (P, A) for each planet.

Planet Orbital Period (P) Axis (A)

Mercury | 0.241 0.39

Venus 0.615 QLT ) :

Earth | 1.00 1.00 )—> LuajL‘?) i lcf)(.f\‘f o)
Mars 1.88 1.52 ‘ y

Jupiter | 11.8 5.2

Saturn | 29.5 9.54

Uranus | 84.0 19.18

Neptune | 165 30.06

Pluto 248 39.44
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Use the log-log plot to find a relation of the form A ~ P¢ between A and P.
History: Kepler worked on this problem for decades. It is a major accomplishment.

Let us take two points from the above log-log graph,i.e., Earth and Neptune.

For Earth, (logyo(P),log1o(4)) = (0,0).
For Neptune, (log;(P),logg(A)) = (1.924,1.282).

We know that slope of log-log graph is the exponent of power law relationship. Therefore, the slope of log-log

graph is,
1.282—-0 1.282

MTT924-0 1.024
Hence, the relationship between P and A is:

= 0.666 ~
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A~ P?/3,
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